Abstract. We construct specific examples of Ozawa kernels for free and amenable groups. We deduce that these groups satisfy Property O and thus are exact. This gives us an alternative proof that these groups are exact, which emphasizes the link between the geometric properties of a group and exactness of its reduced C * -algebra .
Introduction
The property of exactness was first introduced as an analytic property of C * -algebras. We say that a group Γ is exact if the operation of taking the reduced crossed product with Γ preserves exactness of short exact sequences of Γ-C * -algebras. In other words, Γ is exact if and only if for every exact sequence of Γ-C Kirchberg and Wassermann, [KW] , a discrete group is said to be exact if and only if its reduced C * -algebra is exact. Exactness is linked to conjectures such as the Novikov Conjecture and the Baum Connes conjecture and exact groups satisfy the Coarse Baum Connes Conjecture. Examples of exact groups include hyperbolic groups, groups with finite asymptotic dimension and groups acting on finite dimensional CAT(0) cube complexes [CN] .
More recent work has shown that when we regard the group as a metric space in the word metric, the property of exactness can be defined by more geometric means. In particular, Yu showed that exactness of a group is equivalent to Property A, a measure theoretic property, and Date: February 22, 2008 . † Supported by EPSRC postgraduate studentship. † implies the Uniform Embedding Property [Yu] . In [O] , Ozawa introduced the following property which we will call Property O and proved that for a discrete group it is equivalent to exactness: Definition 1.1. A discrete group G is said to have Ozawa's Property O if for any finite subset E ⊂ G and any ǫ > 0, there are a finite subset
We will call functions satisfying the conditions of Property O Ozawa kernels.
This property has been used by Guentner and Kaminker to prove their theorem relating asymptotic compression and exactness [GK] . Nonetheless no explicit examples of Ozawa kernels can be found in the literature. The aim of this note is to construct explicit Ozawa kernels for two classical cases of exact groups, amenable groups and free groups by using geometric properties of their Cayley graphs. In both cases the functions can be viewed as weighted mass functions. This is sufficient for us to deduce that amenable and free groups satisfy Property O and thus that their reduced C * -algebra is exact.
Free groups
This construction is based on the proof that trees have Property A [DJ] .
Let T be the Cayley graph of a free group (a tree) and V its set of vertices. Let γ 0 : R → T be a geodesic ray in T . Let γ v be the unique geodesic ray issuing from v ∈ V and intersecting γ 0 along a geodesic ray. Let γ n v be the γ v of length n. For any x, y ∈ V , we define our function u n (x, y) to be the size of the overlap of the n-length rays γ n x and γ n y , scaled by n + 1.
We will now show that this family of functions can be used to define an Ozawa kernel.
Lemma 2.1. For any n, u n is a positive definite kernel.
Proof. Define f v (x) and χ vBn (x) as follows:
1 if v separates x from the end of γ 0 0 otherwise And χ vBn (x) = 1 if x is contained in the ball of radius n around v 0 otherwise
Then we have
The only vertices contributing to this sum are whose which are within distance n of both x and y and which separate both x and y from the end of γ 0 . This is precisely the size of the intersection of the n-length rays γ n x and γ n y . We can now rearrange u n to show that this is a positive definite kernel.
Lemma 2.2. For each n there exists a finite set F such that u n (x, y) = 0 only if x −1 y ∈ F Proof. Let F be the ball of radius n around the origin. If d(x, y) > 2n, ie x −1 y / ∈ F there is no overlap between the n-length rays γ n x and γ n y and so u n (x, y) = 0.
Lemma 2.3. Given any finite subset E and ǫ > 0 there exists
Proof. Since E is a finite subset, there exists some number m such that if x −1 y ∈ E then d(x, y) < m. Now if d(x, y) < m, then the minimum size of the overlap of γ n x and γ n y is n − m whilst the maximum is n + 1. † And so we have n − m n + 1 ≤ u n (x, y) ≤ n + 1 n + 1 Hence lim n→∞ u n (x, y) = 1 And so ∀ǫ > 0, ∃N such that ∀x −1 y ∈ E we have as required |1 − u N (x, y)| < ǫ.
This function u N is an Ozawa kernel and so free groups satisfy property O, thus proving the following theorem: 
This can be rewritten as follows:
The maximum possible value of |gG n ∪G n | is 2|G n | and the minimum is |G n |. Similarly, the maximum possible value of of |gG n ∩ G n | is |G n | and the minimum is 0. So . We will use these to define an Ozawa kernel for amenable groups.
Lemma 3.2. For each n, u n is a positive definite kernel
Proof. An element g ∈ G belongs to the intersection xG n ∩ yG n only if g ∈ xG n and g ∈ yG n . This is equivalent to x −1 g ∈ G n and y −1 g ∈ G n . Again this is equivalent to x −1 ∈ G n g −1 and y −1 ∈ G n g −1 . And so the condition becomes x ∈ gG −1 n and y ∈ gG −1 n . So taking χ(x) to be the characteristic function, u n can be rewritten as
Lemma 3.3. For each n, there exists a finite set F such that u n (x, y) = 0 only if x −1 y ∈ F Proof. Consider the Cayley graph of G. Since G n is finite it is contained within a ball of diameter r. Let F be the ball of radius r around the origin. If d(x, y) > 2r, ie x −1 y / ∈ F , there is no intersection between xG n and yG n and so u n = 0 as required. | < ǫ. Since this holds for any g ∈ G, it holds in particular for x −1 y. Since E is a finite subset, there exists
This function u N is an Ozawa kernel. Amenable groups satisfy Property O, thus proving the following theorem:
Theorem 2. Amenable groups are exact. † 3.3. Example: groups of subexponential growth. A good example of the above construction which clearly shows the importance of the geometry of the Cayley graph is that of groups of subexponential growth.
Definition 3.5. Let G be a group with generating set A. Let β A (n) be the number of vertices in the closed ball of radius n about 1 in the Cayley graph of the group generated by A. The growth function of G with respect to A is n → β A (n).
Examples of groups of subexponential growth include finite groups, abelian groups and nilpotent groups. All groups of subexponential growth are amenable and so satisfy Folners condition. In fact, it can be shown [BHV] that balls of radius n in the Cayley graph of G are Folner sets.
In this case, the Ozawa kernel u(x, y) is simply the size of the intersection of the balls of radius n centred at x and y, scaled by the size of B n . We choose the radius n according to the given ǫ and finite set E. u n (x, y) = |xB n ∩ yB n | |B n | Alternatively we can regard the function as the number of balls of radius n which contain both x and y, scaled by the size of a ball of radius n. u n (x, y) = |{B n |B n contains both x and y.}| |B n |
